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Why build bridges?

Mathematicians?
! Mathematics educators”?

'. ... Building bridges?



Main argument:

For the
functioning of
mathematics education

we heed to seek out and embrace
tension in perspectives
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Making the argument
Part 1 of 2




We seek out opposing
perspectives because
it is who we are -
and who we need to be

Building bridges
shapes questions we see
influences our approaches _/,




We seek out opposing

perspectives because
itis who we are -

and who we need to be

3 examples




Example 1.
Gottingen, late

1800s/early 1900s
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We may call #,v the coordinates of the straight line. Then (—w) is the
t of the angle which the line makegodil

trigonometric tangen
x-axis, and (—v) is the
Felix Klein

¥
(see Fig. 22). Let us think
and lines as of equal 1
(-v) and let us give equal atte Fle
_— yd x point coordinates and lin€ Ma?f}emar y
/ \ nates. This will be especially €matics
tan @ = —t tant later on. Then we may fr oma ngh or
Fig. 22. the equation y + ux + V= 07 Standei ¢
the umited position of the line n
and of the point (%, y), i.e., that the point lies on the given
@springer

and the line goes through the given point.
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Nammg a problem in 1908 that we still work on today
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In Elementary Mathematzcs from an Advanced Standpomt Fehx Klem de-
scribed what he called the double discontinuity experienced by prospective high
school teachers:

L€ vow g artersity s ade 1 [wos] ma’rore o with trorlers
t aat wid wou suggest ... vue thing, with wiacl he waa been con-
cerned at school. When, after finishing his course of study, he
became a teacher . he was scarcely able to dlscern any connec-

\ . .
O oy nNorienced O

' There's double
i dlSCOhtIhUIty i :;d;:::g::ml

| We should do of Teachers II
' something about it.

1908



The young university student, at the Nelalele] Univers Ity
beginning of his studies, is confronted with

problems which do not at all remind him

mathematical mathematical

of the things that he studied at school (as a pra ctice pra ctice
result, of course, he forgets these things

rapidly and thoroughly). If after Structures?
completing his university studies he Intuitions?

becomes a teacher, then he suddenly .
needs to teach this ordinary elementary Branches of mathematics?
mathematics in a manner which is

appropriate for school; since on his own he Approaches to concepts
can hardly relate this task to his university .
mathematics, in most cases he will quickly Student conceptions
adopt the time-honored traditional : :
pedagogy, and the university studies SChOOl Univers Ity.
remain a more or less pleasant memory, pedagog ical pedagog|ca|
which has no influence on his teaching. ora ctice ora ctice

with thanks to Michael Hutchings and Juan Souto for the translation



Klein's capacity to
forge alliances among
mathematicians, school

teachers, and
engineers showed
grace and curiosity in
the face of conflict.
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Example 2.
US, 1990's to 2000s




Consider the following ...




Estimate 2”". Show your estimate on
the number line below.

— Tt

012345678910




Estimate 2”". Show your estimate on
the number line below.

012345678910




What are 3 different right triangles
whose hypotenuse has length/2 ?




What are 3 different right triangles
whose hypotenuse has length/2 ?




In contrast,
consider the following ...




21T — 23 20.1 20.04 20.001 o
These numbers get
closeto 0, so itis close to O

What is the student’s
reasoning’?
knowledge How would you respond?

for teaching

(Ball & Bass, 2002;
Shulman, 1987;
Thompson & Thompson, 1996)

Mathematical




Mathematical
knowledge

for teachin What if the rounding leads

to highly inaccurate
(Ball & Bass, 2002; estimates? What would you

Shulman, 1987;
Thompson & Thompson, 1996) dO? Why? Yy



Mathematical

knowledge
for teaching

What mathematics
could this question
lead to?

How are
lottery prices
determined?

What would you

say or do help

students say their ideas to
each other, precisely yet in
their own language?

What knowledge do you
need to enact these
moves?



The notion of

Mathematical Knowledge
for Teaching

was first developed in the 1990s-
2000s

During this period ...




| In the Math Wags: A Battle

' Without Winners

| Despite the difficulties in

designing, testing, and mar|
| mathematics curricula, th

e need for significant j

hese difficulties, Mr. Reys notes. All interested

to defend the past and work together to improve
ucation for the future.

keting new

| parties should stop trying
| children’s mathematics ed

¢ ROBERT E. REYS

~orrect is the =
Mathematically Correct in math educalto

behalf of sanity and quality
on




If we continue down this road of infighting ...
the real losers will be the students of America

— Secretary of Education Richard Riley,
at the 1998 Joint Mathematics Meetings
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What mathematical knowledge is entailed
in recurrent work of teaching?

Deborah Ball, Hyman Bass, and colleagues

Mathematical Knowledge for Teaching

is one existence proof of:

* the power of seeking out opposing perspectives
« finding complementarity in mathematics and
education research
intellectual work possible only with both

systemic reshaping of entire programs and
policies possible only with both
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fects of Teachers’ Mathq . v, Recognize an Effective

for Teaching on Studq teacher When You Recruit One?

Heather C. Hill, Brian Rowan, and
University of M

Jonah E. Rockoff, Brian A. Jacob, Thomas J. Kane &

Teachers’ Mathematical Knowledge,
Cognitive Activation in the Classroom,
and Student Progress

Jurgen Baumert
Mareike Kunter
Max Planck Institute for Human Development

ey, Jill Newton, '

gand Jamale Stone




Example 3.
Worldwide, 2000s-now




The double discontinuity lives

Undergraduate
Mathematics
Experiences

Secondary
Mathematics
Teaching

e.g.,
Goulding, Hatch, & Rodd, 2003
Ticknor, 2018

Wasserman & Galarza, 2018
Winslgw & Granbak, 2014
Zazkis & Leikin, 2010




Abstract algebra
Mathematical modeling

Modern geometry
Real analysis @
O

Statistics

7 ég Functions
Euclidean geometry

Number & operation
Posing problems about
the world around us




Contemporary work to mend discontinuity

Mathematics
High School

An Advanced Perspec

lgan, Ralph J. Bremigan, and John D. Lorch

Usiskin * Peressini * Marchi

Mathematical

ULTRA

3Learning for Te
‘Real Analysis

‘RS

p COLLEGE
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PLE

NIVERSITY
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/ERSITI g

MODULE(S2

Mathematics Of Doing, Understanding, Learning
and Educating for Secondary Schools

Tnnuwmxw o MIDDLE
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META Math

< MAA

MATHEMATICAL ASSOCIATION OF AMERICA




School University
mathematical mathematical
practice pragtice

through /4

Jd:-continuities

mathematics “
courses \2

for teachers

School  University
pedagogical pedagogical
practice  practice




ASSOCIATION OF
PUBLIC ¢
LAND-GRANT
UNIVERSITIES

MODULE(S?]

Mathematics Of Doing, Understanding, Learning,
and Educating for Secondary Schools

THE UNIVERSITY s MIDDLE oversiTy Jor /b\
§ OF ARIZONA &ﬁﬂ;@ﬁ}ﬁ TENNESSEE N b ka N /\gﬂqm; UtzLaJhStatet
: niversity

STATE UNI\/[RSITY
The Mathematics Of Doing, Understanding, Learning, and Educating for Secondary Schools (MODULE(S2)) project is made possible through funding from the National Science
Foundation IUSE (Improving Undergraduate STEM Education) multi-institutional collaborative grant #1726707 (APLU), #1726098 (University of Arizona), #1726252 (Eastern
Michigan University), #1726723 (Middle Tennessee State University), #1726744 (University of Nebraska-Lincoln), and #1726804 (Utah State University). The views expressed
here are those of the authors and do not necessarily represent those of the National Science Foundation.

Lincoln



ALGEBRA GEOMETRY STATISTICS MATHEMATICAL MODELING

MODULE(S?]

www.modules2.com

Goal To enhance mathematics faculty capacity to develop
prospective teachers' MKT in content courses
Developed materials for 4 semester-long courses

Activities Professional development for mathematics faculty
Data-driven improvement

Research on MKT at the secondary level



Universal Algebra
Statistics Education
High School Teaching
Operations Research
Infinitary Combinatorics
Coxeter Groups
Computational Fluid Dynamics
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Mathematical Modeling Educatlo»n:
Mathematical Knowledge for Teaching

Mathematics Teacher Learning
Modelling Biological Systems

MODULE($”]

Accessed by 170+ institutions




Contemporary work
to mend double discontinuity
is one existence proof of:

Results through seeing
mathematics

and
mathematics education research

as complements




Why build bridges?

We seek out eppeosing
complementary

perspectives because

it is who we are
and who we need to be

to shape the questions we see
to influence our approaches




Part 2

The alternative to seeking

out complementary
perspectives is math wars

So what?




Joint work with Erin E. Baldinger, Katherine Burke, Charles E. Wilkes I

What is the cost of
math wars?

Math wars lead to loss of trust
and lost intellectual work.

Inversely, if we can learn through
tensions in perspectives, we have the
potential to make progress that we
could not have individually made.




Math Wars?

THE NEW YORKER

HOW MATH BECAME AN
OBJECT OF THE CULTURE
WARS

he nineties, today’s Jfights about math are not entirely about what

kids actua//y learn in their classrooms.



Math Wars?

google n-gram viewer: “math wars"”
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0.000000450%
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Babbel1996, CC BY 2.5 https://creativecommons.org/licenses/by/2.5, via Wikimedia Commons
Bobak Ha'Eri, CC BY 3.0 https://creativecommons.org/licenses/by/3.0, via Wikimedia Commons
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Math Wars: Context & Proposed Definition

Mathematics
Content Standards
for California

Public Schools

T ] TR Kindergarten
M/\I " |,1M/\I Illh ”/mv,u i
H 1 e
ERAMEWORK | =
i |
!

for Callfornta Public Schools

- T A N D A m D=

of Education

.....

— 1991 Ce;lli?::]ia
1989 California Math
NCTM Math Standards

“Standards” Framework



Math Wars: Context & Proposed Definition

Curricular Controversy

REFORM: In the Math Wars: A
TICS EDUCATION ) ! 1 Wars: Batt]
y NCERNED AND WHAT YOU CAN Without Winners y

THE MATHEM
oy sHOULD BE CO
If research mathematicians would engage in FrmeG—s.

“civil, constructive” criticism rather than, more LSEs
often than not,arrogant putdowns: he result of the

Math Wars would not be an/endless battle fo the
detriment of school mathematics education in the

WHY

; » Nationw;,
(nir 5 Wide g
Y and quality in gy ' Organization thq, figh, o
€ducatiop, -. Davij d Gej BALS the Establishyp, e
elernter. NV oo



Math Wars: Context & Proposed Definition

The presence of public discourse that
(1) addresses mathematics education

(2) dismisses opposing points of view using extreme,
binary, and/or inflammatory language, and

(3) occurs over a sustained duration of time.



What has been assumed: What we ask:

Math Wars are divisive;
therefore, children suffer.

What is the cost of the act
of Math Wars?

Werefore"
.2, ﬂ

Learn NOW from professionals

mathematics education k5 |ived throu gh the Math Wars
educational psychology : )
mathematics education

number theory elementary mathematics education

topology ~ markov processes , . .
category theory pppsteformable solids differentia gometry




Math wars lead to loss of trust in the
enterprise of mathematics education,
and to constricted boundary spaces.

Inversely, if we can learn through
tensions in perspectives, we have the
potential to make progress that we
could not have individually made.




Loss of institutional trust

Institutional trust

A professional individual’s belief that another
professional individual/group will generally
act in ways consistent with the individual'’s
expectations of positive behavior

OECD, 2017



Loss of institutional trust

Or a mathematician just said, “I wanted to help,
but they all looked at me like I didn't have the right to
say anything because I wasn't a teacher.” Or
mathematicians feeling like they were cast as part of
the evil empire. Or teachers feeling like they were cast

as not knowing enough to be able to say anything
about what mattered or not mattering enough.

— Elaine '(Teacher Education Researcher)

* all names are pseudonyms




Loss of institutional trust

And you don't really know who's right or who's
wrong. [...] And suddenly we just don't feel a

sense of security about what you're learning [...]
Or who to trust.

[It’s like] the grown ups have left the room.

— Ruth (Mathematician)




of institutional trust

Institutional trust

A professional individual’s belief that another professional

individual/group will generally act in ways consistent with
the individual's expectations of positive behavior

Casual hate and disregard

* “evil” / "devil” / "automatically the bad guy”
— Elaine, Kay, Victor

* "nasty” / "nastiness” — Sam, Elaine, Nell

Public fighting
* “instability” — Ruth, Eric




Constricted boundary spaces

Boundary space

Norms, processes, and interactions that
support learning and creation across
discontinuities between communities

Akkerman & Bakker, 2011



Constricted boundary spaces

If people hadn't been alienated, and therefore turned
away from that kind of work, more progress could have

been made. I think there was a lot of both lost energy,
but lost opportunity. [...]

I think more interesting things would have happened.
— Elaine (Teacher Education Researcher)




Constricted boundary spaces

But if it devolves into — this person is not the right kind
of person — it devolves into ad hominem arguments [...]
it creates an uninviting atmosphere.

— Sam (Mathematician/Education Researcher)

Mathematicians didn't acknowledge the epistemology of
educational research and the educational researchers
quit acknowledging the importance of the mathematical
perspective on that.

— Nell (Education Researcher)




boundary spaces

Boundary space

Norms, processes, and interactions that support learning
and creation across discontinuities between communities

Heightened risk to identity
* “uninviting”
* "alienated”
Boundary work is impossible

without professional identity and identities




Math wars lead to loss of trust in the
enterprise of mathematics education,
and to constricted boundary spaces.

Inversely, if we can learn through
tensions in perspectives, we have the
potential to make progress that we
could not have individually made.




Expanding boundary spaces and institutional trust

The next exposure I had to math wars was really
in the late ‘80s, early '90s, when I was asked to—
be a reviewer for the Systemic Initiative grant. ...

for a while, . I think we really
did have a for
each other. Right?

— Ruth (Mathematician)




Expanding boundary spaces and institutional trust

And just you know it's like you'd say this one word
but it came with this huge package of things.

[---] being the person that she is would say,

“I don't understand what that means.”

And ’
“Oh, what does it mean?”...

... the way I was
involved in it I could see
— Faith (Mathematics educator)




Expanding boundary spaces and institutional trust

And what I learned was, that's the only place you are
really required to support your beliefs. Because if

you're always with the people who agree with you,
then you don't have to delve very deeply into what
you're thinking. — Faith, about Jack

I don't know if I had an accurate sense of

[...] All T can say is, man, was I lucky. — Sam
(mathematician)




Expanding boundary spaces and institutional trust

I can say very candidly that some

people were not happy with me.
— Jack (mathematics educator)




Even in
math wars,
there were

glimmers of hope

It required taking risks to
professional identity, and openness
to seemingly opposing perspectives

so that mathematicians/educators
could risk learning from one another




Part 3

What we face, now




Pop quiz: What do these have in common?

Relevance vs. Rigor
Applied vs. Theoretical

Concepts vs. Procedures

Data Science vs. Algebra




Pop quiz: What do these have in common?

They are all
false

dichotomies




(14 ) - )
Relevance " ¥s.” Rigor

(19 . ) ¢ . )
Applied” v/ Theoretical
(14 b)) (19
Concepts 4. Procedures”

(9 . ”
Data Science” vs/*Algebra”




We need to seek out

epposing-complementary
perspectives

The alternative is math wars

whose cost is loss of trust
and loss progress




For the
functioning of our discipline

we need to seek out and embrace
tension in perspectives



Parting thoughts




Recast this narrative:
"Mathematics =
Gatekeeping”

We need to be open to the
possibility of change,
and that as a community,
we can aim for equity.




"Mathematician”
"Mathematics”
"Educator”
"Education”

When will we use these terms
not to divide and lament,
but to honor, include, and learn?




Thank youl!

Yvonne Lai

Find me at
https://yvonnexlai.com

ylai3@nebraska.edu



https://yvonnexlai.com/
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