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Active Learning at Cornell

e Cornell University is encouraging Active Learning Initiatives (ALI)
and better pedagogical approaches.

e The Center for Teaching Innovation has grants for ALl that are
funded through the university and a private donation.

e The Math department has held two ALl grants.

e Cornell just celebrated 10 years of ALI.
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Many more faculty and graduate students have contributed to ALI.
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Active Learning Lecturer in Math

My two main goals as ALl lecturer were:
e Increase student engagement during class time.

e Add some assessment that is more representative of Math in
2023.
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Active Learning in Math

(AM

e There are at least 1400 students enrolled in Math ALI courses
yearly.

e We have created a bank of materials with instructions to teach
with AL.

e Instructors can choose how much they want to use, our broad
goal is to increase student engagement during class time.

o This talk will focus on Linear Algebra (LA), but we have materials
for a wide range of courses.
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Linear Algebra at Cornell

We have redesigned two Linear Algebra courses MATH 2210 and
MATH 4310.

Our LA course with largest enrollment is MATH2940 Linear
Algebra for Engineers, it is trickier to change that course.

There are a few more specialized LA courses.

Enrollment has been up in all LA courses.
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MATH 2210

Often the first math course math majors will take.

Introductory LA with computations and light proofs.

4 sections in the fall and 2 in the spring, about 60 students per
section.

e Common assessment for all sections.
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MATH 4310

e Mostly third and fourth year students.

Students are advised to take the honors version if they want to
go to grad school in math.

Econ, CS and math with CS concentration majors.

Proof based LA over general fields.

45 students in the fall, 60 in the spring with 2 sections.

In the past the course had only been taught with lectures. e



MATH 2210 - ALI

Switched to a free open source textbook.

Created a companion notebook for instructors and students
that includes polling questions and in-class group activities.

Application workshops in discussion and projects.

Programming demonstrations using MATLAB.

The course has gone through 6 semesters under the restructure.

The new materials have been successful both online

(synchronous) and in person.
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MATH 2210 - Textbook

e Linear Algebra with Applications by W. Keith

[y ryxme-
Nicholson.
Linear Algebra
with e Accessible through the Lyryx website, free to

Applicati

share and adapt.

e Was formally a published textbook, has good

exercises.
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MATH 2210 - Notebook

Notes that align with the textbook but with different examples.

They contain partial definitions and theorem.

Examples and proofs are left blank for in-time completion.

The notes contain polling questions and group activities.

10/52



MATH 2210 - Polling

For in person classes we have been using low-technology polling.
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Polling Example - 1

How do you feel about using Active Learning in your courses?
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Notebook - Blanks

The blanks, make instructors slow down.

Definition 3.4. If A is an nXn matriz, a number \ is called an

of A if

Ax = Az for some vector x # 0 in R".
In this case, x is called an
eigenvalue A, or a \-eigenvector for short.

of A corresponding to the

Question 3.3.A. Which of the following is an eigenvector of the matrix B ;} ?

- = [
- 2]
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Polling Example - 2

Question 1.3.L. Which of the following could be the solution set to the linear
system [1 —1 2|0]?




Notebook - Group Work 1

Example 4.2.R. Find the shortest distance from the point P = (3,2,3) to the
plane 2z + y + 2z = 2, and find the point @ on the plane that is the closest to P.
In your group:

e Draw a sketch of the situation (note that P is not on the plane).
e Hint: you will need to find a projection vector this will help you find Q.

e Hint: to find a point on the plane you can set 2 of the 3 coordinates to be
zero, for example y = z = 0 and determine z.

e Once you know @ calculate the length of the vector f@
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Notebook - Group Work 2

Question 3.3.S. Complete the following table with four examples:

diagonalizable

not diagonalizable

A1 exists

A~! does not exist
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Notebook - Group Work 3

Example 1.2.M. Students were given the following problem:

Let A and B be n x n matrices and C be the n x 2n matrix C = [A B]. If
rank(A) = n, prove that rank(C) = n or show a counterexample.

In your group:
e Go over the three solutions below and grade them out of 5 points.

e Clearly explain why you took off or gave points.

Saludien 1

Let A be the z2 rodax Bg] and

B be the 2x2 rodeix [ 8].C must

thereSore =[ 33 € 8] . Rank A is

equivalent fo the number o8 leadiN)

ores oS A (which ux con et be

1 by irspection). Rowever ,uiun ue

ook ot C, we Sind 2 leoadinoy cnes

Gin umns 1 and 3). Thus ﬂ?&r\k(c)

0 in qe.ﬂ.Q!OJ 17/52



Workshops

Students have weekly discussion sections (tutorials).

e We recommend using 5 of these for workshops.

There is a bank of guided worksheets on various topics.

Some instructors have students submit the workshops and
grade them (on completion).

Some write follow up homework problems.

Workshop material is fair game on test. e



Topics

1.2 Polynomial Interpolation

1.3 Balancing Chemical Reactions

2.2 Markov Chains

3.1 Polygon Area

3.2 Lights Out

3.3 Complex Eigenvalues
3.3 Graphs

3.3 Linear Recurrences
5.4 Hamming Codes

5.6 Curve Fitting

6.2 Abstract Algebra

6.2 Group Representations
6.3 Enchanted Squares
6.4 Integration
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Curve Fitting

Math 2210 Workshop
Curve Fitting

Real-life data can be messy and does not necessarily it a nice or simple function. In these cases, if we wish tc
model our data, we will need to approximate it by a chosen function, minimising the error between our dat
and our model (here, in & least-squares sense). We can use linear algebra to solve these best-approximatior
problems and make predictions in important applications, such as meteorology.

Warmup,

Question 1. Compute the line of best fit for the following points by using a least squares approximation:
(1,0),(1,2),(2,3), (3, 1), (5.4)
(s) Wo wish to find a line y = ro + ry2 which lies as close as possible to these points. To do this, wo solvc

o[-

Wihatshould e taksasous matrx A7 (Hlint: The normal equation gve us the best spproximation
ol to A 1] =

Ty

. where each row of this system corresponds to one of our points.)

() Solve the normal equations to determine the cquation of the best it ine. Graph this line, alon with ol
of the points belor.

Fitting Other Curves

In some cases, finding a best it ine provides us with  good understanding of what we are modeling, as there
is an underlying linear relationship between the variables. However, this is not always the case. Consider the
following data:

IEERERER]

In this case, our data does not very close to any line. However, the data is higher for the small and large values
of z and smaller for moderate values of 2, so may be ft well by a parabola.

Question 2.
(s) We'd like to determine the coefficients of the parabola equation
y=rotriztnat

sehich best, represents our data (in a least-squares sense). Present this in the form of o matrix equation
Ar = for the data points given on the above

(b) Use the normal equations to recast this best-approximation problem as solving a linear system. Solve
this system to determine the coefficients r for the best-fit parabola. Round your coeffcients to 3 decimal
places,
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Curve Fitting

The proces that wo s i th previons probon wor i el 30k for tho st apprcxmatng ol (€) U the Thoore o the previou pae o computethe et squaesspprosmation fr your chcs of
cients of any (independent) linear combination of functio basis functions. Round your coefficients to 3 decimal plac

Theorem. Given oo ofcbserations {(1,1), (22 (s 30)) and 0t of s fmcion fv .
the last squares approximating funct
Sorfil@)

has coefficients r1, ..., which are solutions to the normal equation

{-[]

where Ay, = f,(r,) for each 1 <i<n, 1< <m.

(d) Suppose that the data from latr years shows slow uprvard trend in y temperatures.
st toallowit
Question 3. Suppose that we wish 1o find a model for the sir temperature in a tovn. We are given the behvior
ollowing average terperature readings for a fow months over a two year period:
Month | Temp (F) | | Month | Temp (F) | | Momh | Temp (F)
sk 2000 | 0 || Nw2w | || Awwi2 | &
November 2000 | 45| | Jamuary 2010 | 21 | | April 2010 | 58
Tune 2010 |65 | | Scptember 2000 | 79| | November 2000 | 48
(@) Tn onder to got an understanding of the shape of the data, plot it on the axes below. Let 2 represcat the
number of mumber of months snce the start of 2009 (that is, March 2000 = 3, etc.).
%
slv
70
® Measuring the Quality of an Approximation
10 By choosing different combinations of basis functions, we now have the ability to find many modcls that
2 approximate the relationships in our sample data. How can we determine which of these models are good?
i One qualitaive technique is visual inspection: docs the function we computed in the moel le reasonably

close to the data? A quantitative answer to this question comes from calculating R?, the Coefficient of
Determination.

Definition. The coeficient of determination, &? is a value (usuall) in 0,1] which describes how much of
the error in our appraximation can be attributed (o the vasiance of the sample data. When, R? = 1, our
approximation perfectly fts the data, and when R = 0, our chosen basis functions do not describe the data.

(4 Anin expecta, the temperature nppcae o cilate on  secly bass, ith warmr temperaturs in
and cooler temperatures in the winter. Because of this, which basis functions would be
el chi? (ot Yo - v el f 3 bt oncons, an of i i contam, ot
3 3
to handle the vertical translation. Also, be sure to account for the period of the oscillation (that is, the We can calculate 2 by the formula,
Length of the repeating cycle) in your basis functions.)

(y ~ Ar)T(y - Ar)
-9-v

where () i the vector abtained by subtracting the sample y-mean, 15, from each ety of
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Curve Fitting

Question 4.

) C 1(1). What does th
about the quality of the approximation?

(b) Compute the coefficient of determination for the quadratic model from Question 2(b). What does this
suggest about the quality of the approximation?

Recap

3 i data by following.
these steps.

1. Pl thedata o cbcre s pnerl shape (lop, asymptots, oo bebavio,tc.). Us e o
vations to select a suitable set of basis functions /... f, to modal the dat

Use the basis functions to construct an n x m matrix A.
Use the normal equations to solve for the coefficients of the approximation,
Exaluate the quality of the by computing the coefficient

If necessary, update the basis functions to improve the quality of the model
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Lights out!

In this workshop, we’ll be playing a version of “Lights Out”, an electronic game from 1995 in which a random
subset of lights in a 5 x 5 grid lights up, and the aim of the game is to figure out how to turn all the lights
out by clicking on a preferably minimal subset of the lights. The trick is that by clicking on a light, not only

is the light toggled, but so are the (up to) four adjacent lights.

Figure 1: The electronic lights out game (Picture source:http://matroidunion.org/?p=2160)

‘We'll use green and black to denote lights that are on and off respectively. Some examples of game-play are

shown below:

i o R
Enad
A A A
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Projects

e Students complete two application project as well as a
reflection essay.

e Each project required students to choose a topic to look into
and come up with their own data/information.

e We can expect 260 students in the course.

e This was a first for math at Cornell, only small upper level
courses do projects.

e We have a bank of 6 projects.
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Projects - Topics

Topic Semesters | Textbook Section
Simplex Algorithm | Fa21 1.2 Gaussian Elimination
Markov Chains Fa20, Sp21 | 2.2 Matrix-Vector Multiplication
Eigenvector . L .
. Sp21 3.3 Diagonalization and Eigenvalues

Centrality
Networks and Fa20, Fa2T, . . .

. 3.3 Diagonalization and Eigenvalues
Fiedler Sets Sp22, Fa22
Loops in Directed .

5.4 Rank of a Matrix

Networks
Curve Fitting Sp22 5.6 Best Approximation
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Project 1: Markov Chains

Students had to find probabilistic data and study a situation
with at least three states.

Individuals need to be capable of going from a state to another
and the states must be disjoint.

Students had worked on examples in discussions: Zombie
apocalypse (human, zombie, dead) and Google Page Rank.

Part of their work was to describe limitations of their results.
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We give the rubric with the instructions
Out of 10 points

2 points Presentation: the work is clearly presented and under
two pages.

2 points The transition matrix is correct, with explanations.

1 points Correct calculations and description from the initial
state.

2 points Correct work finding the steady state vector and
interpretation.

. . . . 27/52
3 points A conclusion is present and shows a good analysis.



Sample Projects

Project 1
Marie B.Langlois
Penguin Huddles

Introduction
This project d the different type of in the huddle:
“O" the ones on hudde, ones
penguins in
the huddle.

Transition Matrix

We look at the data of Ateachstep,

i and

The. roughly 1/3 of the penguins are on
the outside is estimated from two pictures.
the outside,
pr Mto0is 1. In 3
OtoMis 1133,
peng.

stops n front of of arour (since the

it o
Assumi h a random pr o
s 1/68, 015, Insider penguins never

¢, abil transition
probabiltes 5o that the columns of the matrix sum to one.

0 I M
Oloae 005 |
P= T|oo3 0985 ©

Mooz O o

Finito State Calculation

y insic 10 terations? This
‘can be answered by taking the vector s_0=[0 1 AT and calculating
5.(10)=PA(10)5_0=[0.12 08766 0.0033"T.
stil
being inside after 10 ierations.
Steady State Calculation
such that Ps=s, to (P-js=0

N and ty
matrix a it roduced form. Therefors th steady state vector is x=y=z=0, which is not possible

Conclusions and Limitations

but since our  we.
not This peng! iteration, but
y “The ration
, but this was ignored. The
g mover penguins, that
‘environmental factors that affect this.

dd

Sources
1 have used the following two artcles:

+ Math of the Penguins, Susan D'

tino, quantamagazine, August 17, 2020, ur: htesi//

Waters, D. Kim,
1iournal pone

dling Pen
November 16, 2012, ur
0050277
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Sample Projects

Marie B.Langlois
th 2210
Project 1- Markov Chains

Introduction
This project will expose in a general way the yearly retention and recidivism rates for individuals who
are in prison or have gone to prison. The thice stages will be: being i prison (P), being out (0) end
being dead (D),

The following websites and articles have been used for data:

1. Long-Term Recidivism Studis Show High Arrest Rates, Matthew Clarke, Prison Legal News, May.

32010, Link to the asticle.

2 Morality i s cnd el Prisons, 20015010 St Tl B Asm Carn, iy P
. Department of Justice, February 2020. Link to the artcle.

Reentry Trends In The U.S., Bureau of Justice Statistics. Link to the website.

Mortalty in the United States, 2018, National Center for Health Statistics, Center for Diseaso
Control and Prevention. Link to the website.

Building the Transition Matrix

An ndividunl who o out of prson has 5% probabity of going bk in the nest youe (1

[3] wo have that release rate is 33%. According t0 (2] the mortalty rate in prison is 252/100,000, I used
he flealprisocr el rte from 2016, i . betwen sate s fderal raes over the years
From 1], h

gives the following transition matrix:

I3 o
P [oseras 05
o os  osme
D o002 0008638

ce e

the other values were obtained by malking the columns add to 1.
Initial State Caleulation
If an individual is out of the criminal system on a given year, what is the probabilty that they are

ot et et i i e } S —
b

Maric B Langl Project 1 - Markov Chains - Page 2 of 2

Using Sage CoCale for calelations, T obtained 35 = [0.5614 04089 0.02]7. 1 also caleulated so0 =
05202 05785 0.1012]", the probabilty of beimg out id ot decrease as much as T expected.
", the probabilty of being exp

Steady State Caleulation

To find the steady state, that is s such that Ps = s, I solved the homogencous system (P — I)s = 0. T
used Sage Cocale to obtain the following reduced cchelon form:

1 have interpeeted ~0.0000 as a very small negative number. This gives the pazametric solution for
s=[r y 2" withs=at, y= Bt where a and 4 are really small positive numbers, and =
il e that s ey cowe 6, which st easomaie s venply all ndividuns

Conclusions and Limitations

Thi mode i dealtely ovimpiing many atcs tat ot thi kuton, Qverl gvn the difer
ence between s; and sy, the probabiltics of being in and ot of prison scem stab) the transition
matrix has a L in one o s columns, tho model will tabillse o that state 1 was .\..pmm by secing that
the mortaliy rate is lower in prison than out, this might be because there is no universal healthcare in

uch as race, age, gender, type

‘matrix did not consider various factors that affect releases and recidivism

1 erime, et
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The most popular topics
What topics do students choose when given freedom in a math
project?

e 22 projects on COVID-19

15 projects on Elections

14 projects on the weather

7 projects on income mobility

6 projects on stock prices

6 projects on alcohol disorders
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Some more original ones
What topics do students choose when given freedom in a math
project?

e Sleep cycle of mice

Genetics of being a red head

Evolution stages of the milky way

Smart phone brand retetention

Mario Kart

Career progression of government officials
31/52



Project 2: Graph Theory
e We have two different versions:
e Eigenvector centrality.

e Fiedler set.

e Students must come up with their network and do some
analysis using matrix calculations.

e Their graph must have 6 to 15 nodes.

e They are encouraged to use software for calculations (Wolfram
Alpha, Symbolab, Julia).
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Tarantino Movies

Harvey Keitel
[ ]

". Samuel L Jackson
Zoé Bell

@
® Tim Roth
Michael Bacall

Quentin Tarantino [ ]
Michael Madsen

[ ]
Michael Bowen
~ Uma Thurman

James Park

Michael Parks
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European Railway System
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Color

© °o—e
N0
| \
o P

Figure 1: Initial image, color-simplified version and the network of colors

maroon > ochre > beige > (green, black) > yellow > light—brown > dark—green > (brown, pink).

ﬂﬂw"-_  m EER
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Math 2210 - Code Demos

Alex Townsend developed MATLAB demonstrations on the following

topics:

Introduction to Linear Systems

Polynomial Interpolation

Balancing Chemical Reactions

Linear Systems with Multiple Right Hand Sides
Column Row Major Ordering

Multiplying a Vector by a Matrix Product
Finding Roots via Eigenvalues

Compressing Flags

Singular Value Decomposition for Image Compression
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MATH 4310 - ALI

Creation of in-class worksheets.

Video assignment.

Project:

e Pick a scientific article, summarize it and reflect on it.
e We allowed group submissions.

The course is going through its third iteration of the restructure.
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MATH 4310 - Worksheets

e Between 30% to 50% of class time is spent on worksheets.

e When possible we try to have the students come up with the
results (IBL).

e They have taken LA before and they are expected to be
comfortable with proof writing.

e We are using Linear Algebra Done Right by Sheldon Axler (free
access through the library).

e Book only works over C and R, we made sure to include Z/nZ
(and Q). 38/52



Definition of a field

Introduction to Fields MATH 4310 Introduction to Ficlds MATH 4310
01/24 Workshee: 01/24 Worksheet.

will revist. your knowledge of Lincar Algebra in a more general way and
presioly comptatona ol work i ansbstrct sting. During s, you il fen be sk o come 1. Koeping in mind the properties you listed on the previous page, this question wil have you think of other
with definitions, conjecture and proofs, us a group we will work perfecting thes ‘mathematical objects with the same or different operations.

(o) Lish s ther than R, that rspect all above propertics
L. Gt to know your o, shar the following ® - prop

« preferred name and pronouns
« favorite breakiast food
« if you feel comfortable, exchange emails, this might be helpful later in the term
2. The goal of this worksheet is to think of sets of mathen

these. Start with the real mumbers with the operations of addition and mul
properties of thes:

tical S objects that we use and operations or
). Lis

tion (R, +

 There exist 0 such that for all ¢ € 5, 0+a = a
(b) List scts that do not respect certain propertics. Write down the set and the property(ics) that it
fals.

3. 1f you bave ot done so above, define subtraction and division using ( +, - ).

For each property, can yon find a set that fails it?
Crsated by the Cornell Active Lesrniog ia Math team. © i

39/52



Instructor Notes

‘Week 2 MATH 4310
01/31 Instructor Notes

Learning Objectives: (1B, 1C) by the end of the week students will be capable of
e Define and give examples of vector spaces.
e Prove properties about vector spaces.
e Define and give examples of subspaces.

e Work with sums and direct sums of subspaces.

Instructor Notes:

There is one worksheet for the week, worksheets are always meant to be completed in groups. Here is a
rough plan for the week.
Monday:

o Give the abstract definition of vector spaces and list a few examples.

e Problems 1-3 on the worksheet.

o Prove a simple fact about vector spaces, discuss proof writing along the way. (For example 0-v = 0 for
allveV.)
e Problems 4,5 on the worksheet.
40/52
o Tell students to read 1B before next class.



Instructor Notes

‘Wednesday:
e Define subspaces and prove that the condition for checking for a subspace is correct.
e Problems 6,7 on the worksheet.

e Allow plenty of time to recap problem 6.

Friday:

e Define the sum of subspaces and prove that the sum is the smallest subspace containing two subspaces,
or prove another theorem from this section.

e Define direct sums.
e Problems 8,9 on the worksheet.

e Tell students to read 1C before next class.

41/52



Direct Sums

Vector Spaces and Subspaces MATH .
Week 2 Works

MATH 4310

Vector Spaces and Subspaces
Week 2 ‘Worksheet.

7. True or false, if true, prove it and if false, give a counterexample. For U and W’ subspaces of V'
() UNW is a subspace of V.

(b) UUW is a subspace of V.

8. 16U is a subspace of V', what is U + U7

9. () Take a simple vector space V and 2 subspaces U, W such that V = U & W.

(b) What is Un W?

(€) Take 0 € V, write it as a sum of vectors in U and ¥, in how many ways can you do this?

() Do you think that your results generalize to any U, W, V?

(€) Do you think that your results generalize to V' ©Un, where the Uss are subspaces
of V7

55
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Inner Products

Tnner Product MATH 4310 Tnner Product MATH 4310
Week 10 Workshoo Week 10 Worksheet,
1. Determine whether the following functions are inner products
(8) Lot V= B2 an dein (e (e ) = a— bl 2. (Don't ook at the textbook yet). The goal of this question s to prove:
Theorem: Cauchy-Schars Inequality Suppose u,v € V. Then
It )] < [l el
Hint: use the orthogonal decomposition and the Pythagorean Theorem
(6) Lot V =T, forv = (.., w (21, 22) o dofine {1,4) = 01057+ g, wher
weC

(€) Lt V= My(R) and define (4, B) = tr(4 + B).

Created by the Cornel Actve Learaiag n Math team. © 1
4
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Math 4310 - Video Assignment

Worth 5% of their grade, graded on reasonable completion.
e Students could work in groups of up to 3.
e Record 5-10 min video solution to a homework problem.

e Students had to sign up for the problem they would record a
solution.

e Videos needed an audio and visual component.

e They were not graded on the correctness of the solution for the
video part.
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Math 4310 - Project

e Worth 5% of their grade.
e They were given the rubric with the instructions.

e They had to find a scientific article that uses linear algebra and
summarize it.

e Group submissions were allowed, project were to be at most of
lengthn+ 1.

e Half the submissions we on machine learning.
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Group Activity

In your breakout rooms:

e Think of how you could incorporate projects, in a self-guided
way.

e Students should have some freedom choosing a topic.
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Group Activity

In your breakout rooms:

e Think of how you could incorporate projects, in a self-guided
way.

e Students should have some freedom choosing a topic.
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ALl - Other Courses

Under both grants, the following courses have been transformed:

Math 1106, Modeling with Calculus for the Life Sciences.

Math 1110, Calculus I.

Math 1300, Mathematical Explorations.

Math 3040, Prove it!
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Math 1106

e Changed from Calculus for the Life and Social Sciences to
Modeling with Calculus for the Life Sciences.

e Using the textbook Modeling Life by Garfinkel, Shevtsov and
Guo.

e Only offered in the Spring, two sections of about 115 students.
e Existing class and recitation materials.

e Class time recently changed from 2 to 3 hours a week, we will
readapt materials this summer.
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Math 1110

Materials exist for flipped classes, that is pre-class activities and
worksheets.

Our first year using the textbook Active Calculus by Matthew
Boelkins.

Taught in sections of roughly 30 students.
Focus is on concepts and explanations.

Homework is a mix of WeBWorK and a few problems where
writing is an important part of the answer.
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CALM Website

CAM

Cornell Active Learning in Mathematics

What is Active Learning?
Course Materials
Meet Our Team

Publications
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https://e.math.cornell.edu/sites/activelearn/index.html 

Thank you for listening.
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